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Thomas Calculus Early Transcendentals 14th Edition Hass SOLUTIONS
MANUAL

CHAPTER 2 LIMITS AND CONTINUITY

2.1 RATES OF CHANGE AND TANGENTS TO CURVES

At fR)-F(2) _28-9 9 Af _ f@O-f(=1) _2-0 _
L@ &= 32 =19 O N="1(p =7 =1
Ag _9(3)-9(1) _3-(-1) _ _a(4)-a(=2) _8-8 _
2@ N="31 =Tz =2 (0) Ax 4-(2 — 6 =0
3 an_DCEENE) a4 by Ah _FEMs _ovs_a3
’ (a) At 3n_m n T () At n_m n T
4 4 2 2 6 3 \/—
Ag _ 9(m=9(0) _(2-1)—(2+1) _ 2 Ag _ g(m)-g(=m) _ (2-1)-(2-1) _
4. (3 AT -0 T -0 =& (b) At T on—(-m) 2n =0
5. AR _R( —R(0) _ B+1-1 31 -1
A~ 220 2 T 2~
AP _ P(2)-P(1) _ (8-16+10)—(1-4+5) _
6. A - BE=HL ) =2-2=0
7. () AX _ (@+hy* _—5):(— S - 4+4h+ﬁgﬁ 4—hh =4+h. Ash—0,4+h—4=at P(2,-1) the slope is 4.
(b) y-(- 1)_4(x 2)=>y+1=4x-8 = y= 4x-9
8. (1) A= (e -(-2)_ 7oaahn’3_ ah-h®_ 4 Ash->0,-4-h— —4= at P(2,3) the slope
is —4.

(b) y-3=(-4)(x-2)=>y-3=-4x+8= y=-4x+11

Ay _ ((2+h)*— 2(2+h) 3)-(22-2(2)-3) _ 4+4h+h%-4-2h-3—(=3) _ 2h+h2
9. @ = = h =
P(2, —3) the slope i |s 2.
(b) y—-(-3)=2(x-2)= y+3=2x-4= y=2x-T.

=24+h.Ash—>0,2+h—>2=at

2 2 2_A_Ah—(—
10. (a) i))f _ (@+h) —4(1+hh))—(1 —4(1)) _ 1+2h+h : 4h—(=3) _ hZHZh
slope is 2.
b)) y-(-3)=(-2)(x-1) = y+3=-2x+2= y=-2x-1L.

=h-2.Ash—0,h—2 -2 = at P(1, - 3) the
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12.
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Ay _ (2+h)°=2" _ 8+1oh+ah+h-8 _ 12h+ah®+h® _ 15\ 4p h2 Ash —» 0,12+ 4h+h? —>12, = at P(2,8)

AX h h -
the slope is 12.
y-8=12(x-2)=> y-8=12x-24= y =12x-16.

AX h h
P(1, 1) the slope is —3.
y-1=(-3)(x-1) = y-1=-3x+3= y=-3x+4.

3 3
Ay _ 2-(1+h)°*~(2-1°) _ 2-1-3h-3h2-h31 _ —3h—?;]h;—_h3 =-3-3n—h2. Ash -0, -3-3h—h? — -3 — at
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Chapter 2 Limits and Continuity

Ay _ (1+h)® 12(1+h) (@®-12(1)) _ 1+3h+3h%+h®-12-12h—(-11) — —9h+3h2+h? _

AX T h
Ash —0, 9+3h+h2—> -9 = at P(1, —11) the slope is -9.
y—(-1)=(-9)(x-)=> y+11=-9x+ 9= y = -9x - 2.

0j90 WU

—9+3h+h2.

Ay _ (2+h)*-3(2+h)?+4-(2°-3(2)*+4) _ 84+12h+6h%+h3-12-12h-3n?+4-0 _ 3h%+h® —3h+h2.
h

AX h h
Ash—0,3h+h?> 5> 0= at P(2, 0) the slope is 0.

y-0=0(x-2)=y=0.

A _ Zmesp _ 26(2+h) 1 g

AX~  h T 2(-2+h) hT 2(2+hy"

As h—0, 2(Tl+h)_’_71' = at P(—2, ‘71) the slope is 7.
y—(%l):—zl—l(x—(—Z)):y+%:—71x—%:> y=7x-1

Ay 274(ﬂh)*2%4 4+h 2\ 1 _4+h+2(=2-h) 1 _ -1 _ 1
AX T h (_Z_h _) h~ -2-h h ™ =2-h ~ 2+h"
As h -0, lerih_’é' = at P(4,-2) theslope is 3

y-(-2)=3(x-4)=>y+2=1x-2=y=1x-4
AY _ JArh—A _ 4+h—2 h+he2 _ _(4h)-4 _ 4
AX h J J4+h+2  h(/4+h+2)  J4+h+2’

As h >0, ﬁaﬁﬂ:l& = at P(4,2) the slope is

y-2=3(x-4)=>y-2=Ix-1=y=1x+1

A=

327—Z—2+hj—j—i—2i 9-h— 9-h-3 v9-h+3 _ _(9-h)-9 _

Ax /_h_ T/ T Joohi3 T h(Joh+3)
_ -1 _ -1 = -1
As h—0, Jﬂ+3 f+3 e = at P(-2,3) the slope is 6
3= =l(x_(— _3--1y_1 _-1,.8
y-3=2(X-(-2)=y-3=FX-3=>y=FX+]
Ap
Q Slope of PQ = At
Q(10,225) 850-225 — 42.5 m/sec
Q,(14,375) 850375 — 45.83 m/sec
Q;(16.5,475) 62500_% =50.00 m/sec
Q4 (18,550) 623:?30 =50.00 m/sec

-1

Jo-h+3

Att = 20, the sportscar was traveling approximately 50 m/sec or 180 km/h.

0 Slope of PQ :AAt—p
Qi (5,20) % =12 m/sec
Q2(7,39) 81% ?’79 =13.7 misec
80-58
Q3(8.5,58) %% 83 =14.7 m/sec
7
Q4(9.5,72) 100 =16 m/sec

Approximately 16 m/sec
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Section 2.1 Rates of Change and Tangents to Curves 63

t

2010 2011 2012 2013 2014
Year

AD 17462 & _
At = 20142012 = o =96 thousand dollars per year

The average rate of change from 2011 to 2012 is 22 = 62=27___ 35 thousand dollars per year.

At 2012-2011

The average rate of change from 2012 to 2013 is 22 = J111-62_ _ 49 thousand dollars per year.

At T 2013-2012

So, the rate at which profits were changing in 2012 is approximately —2(35+ 49) = 42 thousand dollars

per year.
F(x)=(x+2)/(x-2)

X | 1.2 1.1 1.01 1.001_ 1.0001 1

F(X) | —4.0 -34 -3.04 -3.004 -3.0004 -3
AF _ =40=(=8) _ . AF _ =34-(3) _ _

M 31031 i 3 >0 v 310%)41( 3) * 4
AF _ =304-(=3) _ AF _ 3004 (-

AX 1.01-1 404 AX  1.001-1 4004

AF _ =3 00047(73)
AX T 1.0001-1 —4.0004;

The rate of change of F(x) at x=11is —4.

Ag_gi_)_gu 21 Ag _ g(1.5)-g() _ 154
A \]}1 ~0.414213 M- o151 = Fﬁ ~ 0.449489
giﬂ)_gi_) A
Ax (+h)-1  — h
g(x) =x
1+h 1.1 1.01 1.001 1.0001 1.00001  1.000001
J+h 1.04880 1.004987 1.0004998 1.0000499 1.000005 1.0000005
(\/1+ h —1)/h 0.4880  0.4987 0.4998 0.499 05 05
The rate of change of g(x) at x =1is 0.5.
The calculator gives lim 3@ =1,
-0
i f@-f2) _57_% __1
. ?;_g 11 1 12 T 6
ﬂ)_(_)_*:*_*:* 2-T  __ 27 1
i) =T2=% % “wa - 2en - 2 #2
T 2.1 2.01 2.001 2.0001 2.00001 2.000001
f(T) 0.476190 0.497512  0.499750  0.4999750  0.499997  0.499999
(fM-1@)/I(T-2) | -0.2381 -0.2488  -0.2500  -0.2500 -0.2500  -0.2500
The table indicates the rate of change is—0.25 att = 2.
1y _1
tim () =-

NOTE: Answers will vary in Exercises 25 and 26.

25. (@)

.As _15-0 _ . -As _ 20-15 _ 30-20 _
[0,1]: 48 =150 _ 15 mph; [1, 2.5]: 43 = 2228 — 10 mph; [2.5, 3.5]: 45 = 3020 —10 mph
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Chapter 2 Limits and Continuity Section 2.2 Limit of a Function and Limit Laws 64

At P(% , 7.5) : Since the portion of the graph fromt =0 tot =1is nearly linear, the instantaneous rate of

change will be almost the same as the average rate of change, thus the instantaneous speed att = % is
15272 =15 mifhr. At P(2, 20): Since the portion of the graph fromt = 2tot = 2.5 is nearly linear, the
instantaneous rate of change will be nearly the same as the average rate of change, thusv = % =0 mi/hr.

For values of t less than 2, we have

Q Slope of PQ =£2
Q@ 15) 1520 — 5 mithr
Q2(1.5,19) 1520 = 2 mifhr

19.9-20 _ 4

Q3(1.9,19.9) To o =Llmifr
Thus, it appears that the instantaneous speed att = 2 is 0 mi/hr.
At P(3, 22):

Q Slope of PQ = £5 o) Slope of PQ Sjas
Q1 (4,35) $-22 -13 m./hr Qi (2, 20) 20-22 -2 mifhr
Q(35,30) 30-22 _ 16 mifhr Q2(25, 20) 20-22 — 4 mifhr

21.6-22 _

Q;(3.1, 23) % —10 mi/hr Q3(2.9, 21.6) ,g 5 =A4mihr

Thus, it appears that the instantaneous speed att = 3 is about 7 mi/hr.

It appears that the curve is increasing the fastest att = 3.5. Thus for P(3.5, 30)

=4 _As

Q Slope of PQ 0 Slope of PQ =it
Q,(4, 35) 35 30 =10 m|/hr Q3,22 232 33g 16 mi/hr
Q,(3.75, 34) 3375 2 =16 mi/hr Q,(3.25, 25) 3255 30 =20 mifhr
Q3(3.6,32) Sa=3% =20 mi/hr Q;(3.4, 28) 28-50 — 20 mihr
Thus, it appears that the instantaneous speed att=3.5is about 20 mi/hr.

. AA _10-15 gal . 3.9-15 gal
[, 3]' =30 ~ 167 day’ [0, 5] _HN day [7,10]: 44 W ~=05 day
At P(1, 14).

Q Slope of PQ = £4 Q Slope of PQ = 44
Q(2,12.2) 123 14 =-18 gal/day Q,(0,15) 155 114 -1 gal/day
Q2(15,13.2) 132-14 14.6-14

151 =—16galday Q,(0.5,14.6) 054 =—L1.2gallday
Q3(1.1,13.85) 1385714 _ _1 5 gal/day Q3(0.9,14.86) 148614 — _1.4 galiday

Thus, it appears that the instantaneous rate of consumption att =1is about —1.45 gal/day.
At P(4, 6):

Q Slope of PQ = 24 0 Slope of PQ =42
Q(5,3.9) 3 9— 6 — —2.1galiday Qu(3,10) 139 6_-_4 gal/day
Q,(4.5,4.8) ?12_2 = —2.4 galiday Q2(3.5,7.8) ;g ® — 3.6 gallday
Q3(4.1,5.7) 516 _ _3 galiday Q;(39,6.3)  23L- _3qaliday

Thus, it appears that the instantaneous rate of consumption att =1is —3 gal/day.

(solution continues on next page)
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Chapter 2 Limits and Continuity Section 2.2 Limit of a Function and Limit Laws 65
AtP(8,1): )

Q Slope of PQ = 4A Q Slope of PQ =

7,14 141
Qu(9, 0.5) 051_ 05 ganay Q (7, 1.4) 78 -0.6 gal/day
Q,(8.5,0.7) % — _0.6 galiday Q2(7.5,1.3) 18731: -0.6 gal/day
Q3(7.9,1.04) = =-0.6galda

Q3(8.1,0.95) (; 915 81 _05 galiday 3 o gal/day

Thus, it appears that the instantaneous rate of consumption att =1is —0.55 gal/day.
(c) It appears that the curve (the consumption) is decreasing the fastest att = 3.5. Thus for P(3.5, 7.8)

Q Slope of PQ =44 Q Slope of PQ = 48
Q.(4.5, 4.8) 48-18 _ _3 gal/day Q(2511.2) LL2-78 - _3.4 galiday
78 10-7.8 _
Q(4,6) 6-18 _ 3.6 galiday Q2(3,10) L0-78 - —4.4 galiday
' 8.2-7.8
Q3(3.6,7.4) 3 6 3 5 —4 gallday Q3(3.4.8.2) 3435 = 4 gal/day

Thus, it appears that the rate of consumption att = 3.5 is about —4 gal/day.
LIMIT OF A FUNCTION AND LIMIT LAWS

(@) Does not exist. As x approaches 1 from the right, g(x) approaches 0. As x approaches 1 from the left, g(x)
approaches 1. There is no single number L that all the values g(x) get arbitrarily close to as x — 1.
(b) 1 (c) 0 (d) 05

(@ 0

(b) 1

(c) Does not exist. As t approaches 0 from the left, f (t) approaches —1. As t approaches 0 from the right,
f (t) approaches 1. There is no single number L that f (t) gets arbitrarily close to ast — 0.

(d -1

(@ True (b) True (c) False

(d) False (e) False (f) True

(g) True (h) False (i) True

() True (k) False

(a) False (b) False (c) True

(d) True (e) True (f) True

(g) False (h) True (i) False

lim X does not exist because *-= X =1ifx>0and X = * =-1if x <0. As x approaches 0 from the left, X
x—0 IXI X x X~ ~x IX]

approaches —1. As x approaches 0 from the right, 7|approaches 1. There is no single number L that all the
function values get arbitrarily close to as x —» O

As x approaches 1 from the left, the values of - =, become increasingly large and negative. As x approaches 1

from the right, the values become increasingly Iarge and positive. There is no number L that all the function
values get arbitrarily close to as x — 1, so Ilml— does not exist.

Nothing can be said about f (x) because the existence of a limit as x — xg does not depend on how the function
is defined at xq. In order for a limit to exist, f (x) must be arbitrarily close to a single real number L when x is

Copyright © 2018 Pearson Education, Inc.
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66 Chapter 2 Limits and Continuity Section 2.2 Limit of a Function and Limit Laws 66

close enough to xg. That is, the existence of a limit depends on the values of f (x) for x near xg, not on the
definition of f (x) at X itself.

Copyright © 2018 Pearson Education, Inc.
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Chapter 2 Limits and Continuity Section 2.2 Limit of a Function and Limit Laws 67

Nothing can be said. In order for IimO f (x) to exist, f(x) must close to a single value for x near 0 regardless of
X—
the value f (0) itself.

No, the definition does not require that f be defined at x =1 in order for a limiting value to exist there. If f (1) is
defined, it can be any real number, so we can conclude nothing about f (1) from Iim1 f(x) =5.
X—

No, because the existence of a limit depends on the values of f (x) when x is near 1, not on f (1) itself. If
lim f(x) exists, its value may be some number other than f (1) = 5. We can conclude nothing about Iim1 f (%),
x—1 X—

whether it exists or what its value is if it does exist, from knowing the value of f (1) alone.
lim (x> -13)=(-3)°-13=9-13=—-4
X—>-3

lim (-x% +5x—-2) =—(2)° +5(2) 2 =-4+10-2 =4
lim 8(t ~5)(t ~7) =8(6-5)(6-7) = -

lim (< -2x% +4x+8) = (-2)% —2(-2)? + 4(-2) +8=-8-8-8+8=-16

X——2

lim 2xt5 = 2245 _9

xo2 11-x° 1128 3

Jim (8-35)(25-1) = (8-5(3))(2(5) -1) = 6-2((4) 1) = ®)(%) -

o N

009 ()34 - D3 o

y=-%

—y¥2 242 4 4 _1

lim =4
y—2 y2+5y+6 (2)2+5(2)+6 4+10+6 20 5

|in_1 (5—y)¥3 —[5— (-3)]/3 = (8)*/3 = ((8)1/3 )4 _24_16

limz?-10= 4°-10= 16-10= 6

74 \/— \/»

lim -3 =3 3 3

h—0 ~/3h+1+1 3(0)+1+1 J—+1

lim YShE4=2 — jjy V5042, JBhids2 _ fjyy GRS jiy __Bh iy 5 - 5 __§

hoo h h—0 JBh+a+2  plsg h(«/5h+4+2) hd h(J5h+4+2) h—0 VBh+4+2 a2 4
X5 _ | 1_1_1

WM 25 (PS5 = =Jim 55 =515 =10

lim =X _ |im —X3 __
X——-3 X°+4X+3  x—-3 (x+3)(x+1) —

Copyright © 2018 Pearson Education, Inc.
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68 Chapter 2 Limits and Continuity Section 2.2 Limit of a Function and Limit Laws 68

25. lim X310 |y (e)=2) lim_ (x-2)=-5-2=-7
wll

X—>-5 X+ x>-5 X5y

. 2 . — — R

26. lim ¥=7x10 _ |jm D02 _ iy (x—5)=2-5=-3
x—2 X2 x—>2 X2 x—2

27, lim ¥ #-2 = ljm (20 _ jjgy 12 _ 142 3

Tl 2 oy @A) Tyt T 1T 2

28, [lim a8t+2 _ iy G b 42 2142 _;3

to1 Pot2 o1 (M) Ty t-2 T 12
29. lim =24 — |jm 22 _ iy 2_-2_ 1
X2 X42X2 xo2 X2(x42)  x>2 X2 4 2

30. lim 5y348y2 — lim _y¥(5y+8) — lim _Sy+8 _ 8 _ _1
y—03y*-16y*  y0 y*(3y*-16) y-03y’-16 16 2
. -1 . Lx . .
31 lim X L=lim X = |Im(1—_5'ﬁ)= lim -1=-1
x—1 x—1 x—1' X x—>1 X
1,1 (x+1)+(x=1
32. Lﬂn Eoel — flim D i (—x 1) = fim —2 =2 _
x>0 X x—0 X x—0 (X D(x+1) x g o (X-D(x+1) -1

33 lim Y=L = jim (UZD)(u+D)(u=1) _ lim U2 (u+l) _ (HD)(A+D) _ 4

Ul -1 usl lHudl)(u-1)  u—ol  ul+u+d +1+1 3

34 lim L8 — [im (=0R2v4) o VRioved _ 444:d 12 3
vo2 VA-16 v—2 (v=2)(v+2)(vP+4)  v—2 (v+2)(vi+4) (HB) 32 8

35, lim “x=8 1

= lim X8 _ |im L _1
x—59 X9 x50 (Vx-3)(Wx+3) ~ xsg JX+3 [U+3

36, lim 4 _ jim X490 _ i X@e@=0 iy (04 Jx) = 424 2) = 16
x—4 2—x x|—>4 2-Jx x|—>4 2-+x x—4 ( ) ( )

s o (xeD(faBr2) (D) ke3a2)
37. lim =2 — |lim = lim =1 X+3+2)=Ja4+2=4
X—)l\/X_+3—2 x—>1(\/x+3—2)(\/x+3+2) x—1 (x+3)-4 x|_>ml( Xt ) \/7+
7 V2+8-3| xf+8+3 2
38. lim +8—)Cf lim (‘ J = lim (g (x _lim (x+1)(x-1)
xo-1 Xy (x+1)( x2+8+3) x—>-1 (x+1)( x2+8+3) x—>-1 (x+1)( x2+8+3)
= lim 2L =2 __1
Xx——1 x%+8+3 3+3 3
éZ 2
39, fim ¥ & —+2-a Y2 +12ﬂ) ~lim (2 ~lim __(20+2)
= I. -
X2 o x—2 (X—Z)( x2+12+4) X—2 (x—2)( x2+12+4) x—2 (x—2)( x2+12+4)

— lim —x2__ _J4 _1
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69 Chapter 2 Limits and Continuity Section 2.2 Limit of a Function and Limit Laws 69

x—2 x2+12+44 1644 2

Copyright © 2018 Pearson Education, Inc.
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Chapter 2 Limits and Continuity

0j90 WU

BCTE (VPR | R (xe2) ¥+513)

= lim = lim = lim
X—-2 y/x?45-3  x—>-2 («/x2+5—3)(«/X2+5+3) x—>-2  (x*+5)-9 xo—2  (x+2)(x-2)

- Iim V@ 4543 _ £+3

T xo—2 X2 2_
lim 25 _ jim [p-s] s lim 4 i e
x—-3 3  x>-3 (x+3)(2+\/x 5) X%—3(x+3)(2+ﬁ) x—-3 (x+3)(2+\/ﬁ)
= lim —=X6X) __ s 3-x _3
X—>— 3(x+3)(2+\/x ) x—> 32+;x275 2+J— 2
_ (4-x) 5+y§2+9j (4-x)(5+K2+9 (4—x)(5:4k%+9
lim —=%—— |im ( i (i) lim (

= lim

X = lim =1
X—>4 5-/x2+9 X—>4(5ﬂ/x2+9)(5+«/x2+9) x—>4  25-(x*+9) x—4 16-x2

Section 2.2 Limit of a Function and Limit Laws

2
(tﬁ(@@) _Iim%:5+m:5
8

47.

48.

49.

50.

51.

52.

53.

wod  (A=)@+x) T yDa 44X
2 2 2 2

lim (2sin x—1) =2sin0-1=0-1=-1 44, limsin x:(llm sin x) =(sin0)* =0 =0
x—0 x—0 x—0
limsecx = lim inzlzl 46. ||mtanx_||mm O:Q:O
x—0 x—0 COS X cos0 1 X—0 X—0 COS X COSO 1
lim lextsinx _ 1+04sin0 _ 14040 _ 1
Xx—0 3C0SX 3cos0 3 3

X|im0(x2 ~1)(2—cosx) = (02 —1)(2—cos0) = (-1)(2-1) = (-)(1) = -1

X—>—T

lim /7 +sec? x =\/Iim(7+sec2 X) = \/7+ lim sec?x = \/7+se020 = \/7+(1)2 =22
x—0 x—0 x—0

(a)
(©

(a)
(©)

(@)

quotient rule

lim Vx+4 cos(x+n)- I|m X+ 4 I|m CoS(X+m)=4/-mt+4 -cos0=./4-7 -1= [F—

(b) difference and power rules

sum and constant multiple rules

quotient rule

(b) power and product rules

difference and constant multiple rules

lim f(x)g(x)=[|im f(x)-| [‘Iim g(x)—|=(5)(—2)=
X—C X—>C X—>C

(b) Iim 2f(x)g(x) = 2[ lim f(x) [Iim g(x)—| =2(5)(-2)=-20

(© I|m [f(X)+3g(X)]= I|m f(x)+3 I|m g(x)=5+3(-2)=-1
—(ﬁ _%u_ 5725

(d) lim

x—c T ()-9(x)

lim £ (0-limg(x)  5-(-2) 7
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65.

(@)
(b)
(©
(d)

(@)
(b)

(©)
(d)

(@)
(b)
(©

lim
h—0
lim
h—0

lim
h—0

lim
h—0

lim
h—0

fim ABOHA=@L o EEE) L Gt

h—0
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Chapter 2 Limits and Continuity Section 2.2 Limit of a Function and Limit Laws

Iim4[g(x)+3]= Iim4g(x)+ Iim43:—3+3:0

lim xf (x) = lim x- lim f(X) = (4)(0) =0

Xx—4 Xx—>4  x—4

[ 2—[|‘ 12—[—3]2—9

Xgn4[91(><)] = X:_Ln4 g((>)<) = =

- X g I

)!E)nﬂ%r)—f tim f () im 53

lim [£(0+g(]=lim f()+ lim g(x)=7+(-3) =4
Iimb f(X)-9(x) :L!imb f(x)1 [)!imb g(x)T:(7)(—3):—21
)!imb 49(x) :{Iimb 4T Iimb g(x)—|: (4)(-3)=-12

lim £()/g(x) = lim £(x)/ lim g(x) =%, =3

XILnJZ[p(x)+r(x)+s(x)]= Iin_1 p(x) + Iin_1 r(x)+ Iinj s(x)=4+0+(-3)=1
lim p(0-r(-500 = fim p0 | fim r0 | im.s00!= @019 =0

lim [-4p(x)+5r(Ys()=' -4 lim_p(x)+5 lim r(x) /lim2 s(x) = [-4(4) +5(0))/ -3 =18

Leh)?12 _ i L#2h+h?-1 — fim D2t _ i (2+h)=2

h h—0 h h—»0 h h—0
—2+h)2—(=2)? . _ 2_ . h(h-4) .
(2 =25 _ i 4-hah®d _ jim 0= _ i (h-4) = -4

h—0 h—0 h—0

[3(2+h)-4]-[3(2)-4] .

+h 4:1 3(2)-4 — lim %‘:3

h—0
= 1—):(}3 =24 —2-(-2+h) B
2eh 2l im0 = im =lim, " =-1
hso —2h T pg-2h(-2+h) T p g h(4-2h) T 4

1 1

h—0 h(\/ﬁ+ 7) - h—0 h(\/m+ﬁ) - h—0 h(\/m+\/7)

;
AT i R S Y 215 A

N

i 3 _
h h—0 h(V3h+1+1) hs0 h(\/3h+1+1)  h0 h(\/3h+1+1) B ATO \3h+1+1

lim =
h—0 ~7+h NG N

71

lim J5-2x2 =\/5—2(0)2 =/5 and Iir’%«/S—xz =5-(0)? =+/5; by the sandwich theorem, lim £(x) -5
X—> X—> X—>

lim
x—0

(@)

2- x2) =2-0=2and lim 2cos x = 2(1) = 2; by the sandwich theorem, lim g(x) =2
x—0 x—0
2 .
lim (1— 5’):1—9 =land lim 1=1; by the sandwich theorem, lim ZX3I0X_ _
Xx—0 6 6 x—0 y X0 2—2C0SX
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70 Chapter 2 Limits and Continuity Section 2.2 Limit of a Function and Limit Laws 70

(b) _ y
y = (x sin x)/(2 - 2 cos x)
(b) Forx#0,y=(xsinx)/(2-2cosX) lies h{x) =1 L
between the other two graphs in the figure,
and the graphs converge as x — 0.

0.5
gl =1=(x 2:‘6)/
-2 1 2 A
2 2
66. (a) lim (1—1’): lim 21— 1im ¥ =1 _0=21and lim 1 =1: by the sandwich theorem, lim 1=€osx _ 1
@ x0\2  24) x502 x»024 2 2 x>02 2 Y x>0 X 2
(b) Forall x + 0, the graph of f(x) = (1—cos x)/x2 y

lies between the line y = % and the parabola

y= 12 —x? /24, and the graphs converge as

x — 0.

67. (@) f(x)=(x*>-9)/(x+3)

X -3.1 -3.01 -3.001 -3.0001 -3.00001 —3.000001
f(x) -6.1 -6.01 -6.001 -6.0001 -6.00001 -6.000001
X -2.9 -2.99 -2.999 —2.9999 —2.99999 —2.999999
f(x) -5.9 -5.99 -5.999 -5.9999 -5.99999 -5.999999

The estimate is lim_ f(x) = -6.
X—-3

(b)

/ l

X+3 X+3

©) f(x)=x=9_ BB _y gify . 3 and lim (x-3)=-3-3=-6.
X—>—

68. (@) 9(0)=(x*-2)/(x—2)

X | 1.4 141 1.414 1.4142 141421  1.414213
g(x)|2.81421 2.82421 2.82821 2.828413 2.828423 2.828426
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71 Chapter 2 Limits and Continuity Section 2.2 Limit of a Function and Limit Laws

(b)

(c) g(x)=x_ﬁ= (x—ﬁ) =X+ 2ifx#ﬁandxiry/i(x+ﬁ):\/§+ﬁ=2ﬁ.

69. (@) G(X)=(x+6)/(x*+4x-12)
X -5.9 -5.99 -5.999 —5.9999 —5.99999  -5.999999
G(X) | —.126582 -.1251564 -.1250156 —.1250015 —.1250001 —.1250000

X —6.1 —6.01 —6.001 —6.0001 —6.00001  —6.000001
G(X) | —123456 —.124843 —.124984 —124998 —.124999 —.124999

(b)

| [

)l
I\
i e ,--_-_,_\ -
-6 R [

1

\ |
2l 1.
I

agl GO =(x+6)/(x)+4x-12)

(c) G(x)= X+6 = X+6 =-1 ifx+-6,and lim 172:%:
(Crax-12)  (x+6)(x-2)  x-2 675 ™7

X—>—
70. () h(X) = (x? —2x—3)/(x? - 4x +3)

x |29 2.99 2.999 2.9999 2.99999 2.999999
h(x) 2.052631 2.005025 2.000500 2.000050 2.000005 2.0000005

X | 3.1 3.01 3.001 3.0001 3.00001 3.000001
h(X) 1.952380 1.995024 1.999500 1.999950 1.999995  1.999999

(b)

(©) h(x)=x"=2x3 — (=341 _ x+ iy 23 and lim ¥ 3L 4 pr gy xa
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3x17(b) 31727 s
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73 Chapter 2 Limits and Continuity Section 2.2 Limit of a Function and Limit Laws
(b)
71, (a) _f() 2 (P =1)/(x]=1)
X -1.1 -101 -1.001 -1.0001 -1.00001 -1.000001
f(x) 21 2.01 2.001 2.0001 2.00001 2.000001
X |-9 -99 999 -9999 -.99999  —.999999
f(x) 19 199 1.999 1.9999  1.99999  1.999999
(b)
x
\ s
//
B
'\

/
\[ J(x) = =D/ - 1)
| X

1 ]

(X;rilg;l):x+l,X20andX#1 5 i ) 1 (D) =2
(Xj(lelgl =1-x,x<0and x # -1 x—>-1

© f0)=f=

72. (@) F(X)= (X% +3x+2)/(2- [X])

X -2.1 -201 -2.001 -2.0001 -2.00001 —2.000001
F(X) | 11 -1.01 -1.001 -1.0001 -1.00001 —1.000001

X -1.9 -1.99 -1.999 -1.9999 -1.09999 -1.999999
F(X) |-9 -99 -999 —9999 —99999  —.999999
(b)
(x+2)(x+1) x>0
2. 2-x ' - ;
(€) F(x)=X13x+2 _ ,and lim (x+1)=-2+1=-1.
24 (Xif}r(;(—ﬂl =x+1 x<0and x# -2 X—>-2

73. (@) g®)=(sinB)B

0 1 .01 .001 .0001 .00001 .000001
g@©) | 1998334 999983 999999  .999999  .999999  .999999

-1 -.01 —.001 —-.0001  —.00001 —.000001
g®©) | 998334 .999983 .999999  .999999  .999999  .999999

li 0)=1
Jim, 9
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74 (Ll L~ L~ 1223 U»faFunction and Limit Laws
~S57 =4 =37 =27 i ()I 2w 37 4w S
(b)
NOTTO SCALE
74. (@) G(t) = (L—cos t)/t?
t |1 01 .001 0001 .00001 .000001
G(t) 499583 499995 499999 5 5 5
t -1 —01 —.001  —.0001 —.00001 —.000001
G(t) .499583 .499995 499999 5 5 5

lim G(t) = 0.5
t—0

(b)

)
Lo
=02
=0
i

L 1 I A 1 1 3 s
0003 00001 1 00001 o000

Graph is NOT TO SCALI

75. @ f(x)=x/0
x |.9 .99 999 9999 .99999 999999
f(x) .348678 366032 .367605 .367861 .367877 .367879

X |1.1 1.01 1.001 1.0001  1.00001 1.000001
f(x) .385543 .369711 .368063 .367897 .367881 .367878

lim f(x) ~0.36788
x—1

(b) y

V(ix-1)
f(x) = x

2.7182%

X

:.uaocs\\\i;iaox

0.9%99% C.99%35

:
|
|

2.71815

Graph is NOT TO SCALE. Also, the intersection of the axes is not the origin: the axes intersect at the

point (1, 2.71820).

Copyright © 2018 Pearson Education, Inc.
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75 Chapter 2 Limits and Continuity Section 2.2 Limit of a Function and Limit Laws
(b)
76. (@) f(x)=(3* -1/
X | A .01 .001 .0001 .00001 .000001

f(x) 1.161231 1.104669 1.099215 1.098672 1.098618 1.098612

X |—.1 -.01 —-.001 —.0001 —-.00001 —.000001
f(x) 1.040415 1.092599 1.098009 1.098551 1.098606 1.098611

lim f (x) ~1.0986
x—1

(b) !
1.8 y
.’/.
1.4
/ fix) 31
/0.81 ,
— | x
-1 0 1
77. lim f(X) exists at those points ¢ where lim x4 = lim x2.Thus, ct=c?> 02(1—02) =0=>c=0,1 or-1.
X—C X—C X—C
Moreover, lim f(x) = lim x? =0and lim f(x)=lim f(x)=1.
x—0 x—0 x—>-1 x-1

78. Nothing can be concluded about the values of f, g, and h at x = 2. Yes, f(2) could be 0. Since the conditions
of the sandwich theorem are satisfied, Iim2 f(x)=-5+0.
X—>

£ (x)-5 lim f(x)-lim5 lim f(x)-5
79. 1 lim 4ot xd = lim f(x)-5=2(1) = lim f(x)=2+5=7.

x4 X2 T )!L’TLX—!L"”LZ - 4-2 x—4 x—4

I|m f(x) Iim f(x)

f(X)_x —-2
80. (@ 1= I|rT_12 2 I|m 2 R Xll)nj f(x)=4.
b) 1= fim % = [nm ool [y l} [nm 100 lim 10— o
(®) x—|>n—12 X2 X—>—2 J LX—IQZ x—>—2 X J ( 2):xl>r‘r—12 X

x—2
= I|m f(x)-5= I|m2 f(x)=5.

B (@) 0-3.0- lim 1605 [Iim (x—z)LXl@zr(ﬂf_%)(x—zﬂ:|Xig12[f(x)—5]
(b) 024.0:[&12 4—)—1 [xlﬂnz(x_zﬂjxllnz f (x) =5 as in part (a).

82. (ad 0=1.0= [Ilm JﬂJ'— lim X—|J d lim —(—ﬂJ'— lim x }— lim |——(—1 3(—| )!I_I‘R) f(x).

0 X x—0 x—0 X x—0 x>0 X

That is, I|m f(x)=0.
(b) 0=1.0= [Ilm ﬂmj [ im x = lim [—(—) lj_ lim 1% That is, lim 0,
X x—=0 X

x—0 X2 Xx—0 x—0
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75 Chapter 2 Limits and Continuity Section 2.3 The Precise Definition of a Limit 75

83. (a) lim xsini=0
x—0 X

(b) -1<sini <iforx#0:
x>0=>-x<xsinl<x= Iim0 xsin 1 = 0 by the sandwich theorem;

X—
Xx<0=-x>xsini>x= lim xsin =0 by the sandwich theorem.
X x—0 X
84. (a) lim x cos( 3) =0 y
2 1 \ 0‘4§ h(z) = z? cos(1/z°)
x—0 X “. A 3 A f
||' || i! \ 1 ‘ ||| ‘,I
\ [ ”““ "#‘“‘HI—‘# X
-1\ [ i\ /1
\ L v {
'.‘\ ’1 |I '/
\.\-r‘ _ogi ‘UI
(b) -1< cos( 3)slfor X#0=-Xx <X cos(—z) <x = lim x cos(—a) = 0 by the sandwich theorem since
1 2 2 2 2 1
9 X x—0 X
lim x° =0.
x—0

85-90. Example CAS commands:
Maple:
f=x>(x"4-16)/(x-2);
x0:=2;
plot( f(x), x = x0-1..x0+1, color = black,
title ="Section 2.2, #85(a)" );
limit( f(x), x=x0);
In Exercise 87, note that the standard cube root, x*(1/3), is not defined for x<0 in many CASs. This can be
overcome in Maple by entering the function as f := x = (surd(x+1, 3) — 1)/x.

Mathematica: (assigned function and values for x0 and h may vary)
Clear[f, x]
fIx_J=(x> —x? —5x —3)/(x +1)°
x0=-1h=0.%
Plot[f[x],{x, x0—h, x0+ h}]
Limit[f[x],x — x0]

2.3 THE PRECISE DEFINITION OF A LIMIT
1. i ‘ ; i

Step 1 |x-5/<8=-8<x-5<8 =>-5+5<x<d+5
Step2: 3+5=7=8=2,0r-06 +5=1=3 =4.

Copyright © 2018 Pearson Education, Inc.
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76 Chapter 2 Limits and Continuity Section 2.3 The Precise Definition of a Limit 76
The value of |
o which
assures x—5
<d =>1l<x<
7 is the
smaller
value, 5 = 2.
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Chapter 2 Limits and Continuity Section 2.3 The Precise Definition of a Limit 77
At )—x
1 2 7
Stepl: |x-2[<8=-8<x-2<8=>-8+2<x<8+2
Step2: 6+2=1=d6=L0rd+2=7=0 =5.
The value of & which assures [x—2| <8 = 1< x <7 is the smaller value, 5 =1.
=5 -" } *
Step1: |x—(- 3)|<8 =3 <x+3<8 = -86-3<x<8-3
Step2: 8-3=-1=56=1,008-3=-1=58=3.
The value 0f6 WhICh assures |x — (— 3)|<8 = - T <x<-1 is the smaller value, 5 =3
. { t F—ty
e 3 -3 _1L
2 T 3
Step 1: ‘ ( %)‘< =>-3<x+3<8=>-8-3<x<8-
Step2: 5-3=-1=58=2 or6 :—§:>8_1.
The value of § which assures‘ —(—%)‘<6 = -5 <x<-3 isthe smaller value, 3 =1.
I b=
i 112 dr7
Step 1: ‘x—%l<8 :>—8<x—%<8:>—8+%<x<8+12
. _1 1_14
Step 2: S +35= —:>8 18,or8+2 7:>8—14
The value of & which assures ‘x——‘<6 = 9< X<z |sthe smaller value, 5 = 18
- £ t } X
2.7591 3 3.2301
Stepl: |x-3/<8=-8<x-3<8=-5+3<x<3+3
Step2: -6 +3=2.7591= 0 =0.2409, or 8 +3=3.2391 = & = 0.2391.
The value of & which assures |x—3| <8 = 2.7591 < x < 3.2391 is the smaller value, § = 0.2391.
Stepl: |x-5/<8=-8 <x-5<8=-8+5<x<8+5
Step 2:  Fromthe graph, -6 +5=4.9=0 =0.1, ord +5=5.1=06 =0.1; thus 5 = 0.1 in either case.
Stepl: |x—(-3)|<8 = -8 <x+3<8=-8-3<x<8-3
Step 2:  Fromthe graph, 0 -3=-3.1=0=0.1,0r6 -3=-29=06 =0.1; thusd =0.1.
Stepl: |x-1<8=-8<x- 1<8:>—8+1<x<8+1
Step 2: From the graph, -8 +1= 2 :6 =L ord+1= :>8 = 16, sthusd = £
Step1: [x-3<8=>-8<x-3<8=>-8+3<x<5+3
Step 2:  From the graph, -6 +3=2.61=03 =0.39, or§ +3=3.41= 0 = 0.41; thusd = 0.39.

Copyright © 2018 Pearson Education, Inc.



78

11.

12.

13.

14,

15.

16.

17.

18.

19.

20.

21.
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Chapter 2 Limits and Continuity Section 2.3 The Precise Definition of a Limit

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:
Step 1.

Step 2:
Step 1:

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

|Xx-2/<8 =8 <x-2<8=>-8+2<x<8+2
From the graph,—8 +2 =3 =8 =2—+/3~0.2679, 0r +2 =5 = & = /52 ~ 0.2361;
thus & = /5 - 2.

[X=(-1)| <8 =5 <x+1<8 =-5-1<x<d-1
From the graph, =8 ~1= -2 =5 =82~ 0.1180r5 1=~ 4 = 5 =¥~ 0.1340,
thus & = 352,
[Xx—(-1) <8 =8 <x+1<8=-5-1<x<8-1

_§ -1=_16 Y _1=-_16 9 _ - -9 _
From the graph, -8 ~1=-18 =5 =1~ 0.77,0r8 ~1=-18 = 3 -036; thus5 =2 = 0.36,
‘X—%‘<8:>—8<x—%<8:>—8+%<x<6+12

1_ 1 11 1_.1 -1 1_ .

From the graph, -6 +5= 2.01:>8_ 5~ 5o~ 000248, ord + = 1.99:5_ 1og & 0.0025L;
thus & = 0.00248.

|(x+1)-5/<0.01= [x—4|<0.01= -0.01 < Xx—4 < 0.01 = 3.99 < x < 4.01
|x-4/<8 =8 <x-4<8=>-3+4<x<5+4=8=0.0L

|(2x— 2) —(—6)| <0.02=> |2x+ 4|< 0.02= -0.02<2x+4<0.02
= -4.02<2x<-398= -2.01<x<-1.99

|Xx=(-2)|<8 =8 <x+2<8 =>-8-2<x<8-2=8 =0.0L
X+1-1<01=-01< Xx+1-1<01=09< x+1<11=081<x+1<1.21
N

1
= —0.19J< Xx<0.21
X— 0 = -0 <x<d.Then, -6 =-0.19=6 =0.19 ord =0.21; thus, d = 0.19.

M—%‘<o.1:>—o.1<ﬁ—%<o.1:0.4< X <0.6=0.16 < x < 0.36
‘x—%“<6 = -8 <x—%<6:>
Then —8+%=0.16:>6 =0.09 or8+%=0.36:>8 =0.11; thus & = 0.09.

‘\/19—x—3‘<l:>—1<\/19—x—3<1:>2< 19-x<4=4<19-x<16

= -4>%x-19>-16=>15>x>30r3<x<l1
|x—10|<8 = -85 <x-10<8 = -8 +10< x <5 +10.

Then-6+10=3=8 =7,0rd +10=15=3 =5; thus 6 =5.

‘\/X—7—4‘<1:>—1<«/x—7—4<1:>3<«/x—7 <5=9<Xx-7<25=16<Xx <32

[x-23/<8 =8 <x-23<8=-8+23<x<8+23.
Then -8 +23=16=08 =7,0r6 +23=32=0 =9;thusd =7.

1 _11.005=-005<1-1c005=02<1<03=2205x5100,10 -y 5
X 4 X 4 X 2 3 3

|x—4|<6 =3 <x-4<d=>-8+4<x<d+4
Then -8 +4:1—3EJ ord :%,or6+4=50r8 =1 thus & =23.
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22.

23.

24.

25.

26.

217.

28.

29.

30.

3L
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Chapter 2 Limits and Continuity Section 2.3 The Precise Definition of a Limit 78

Step 1:
Step 2:

Step 1:

Step 2:

Step 1.

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

—3‘<0.1:>—0.1<x2—3<0.1:>2.9<x2<3.13 J2.9 < x<+31
x—ﬁ\<6:—5<X-J§<8:H3+J§<x<6+ﬁ.
Then -8 +v/3 =+2.9 =8 =+/3-+/2.9 ~0.0291, 0r 5 + +/3 = /3.1 = & = ~/3.1-+/3 ~ 0.0286;
thus & = 0.0286
x2—4‘<0.5:>—0.5<x2—4<0.5:>3.5<xz<4.5:> 35<x< 45=- 45<x<- 3.5,

for x near -2. N || v v v
[x=(-2)| <8 =8 <x+2<8 =8 -2<x<5-2
Then -6 —2=—-+45 =06 =/45-2~0.1213,0r6 -2=- 35=08 =2-+/3.5~0.1292;

thusd = /4.5 -2~0.12. N

1 <1 9 10 10 10 10
X (-)|<0.1=-01<1 +1<013 10 ST 107 T XD T O < X<
X—(- 1)<8:>—8<x+1<6:—8 1<x<8 1.

Then -8 1= :>8 G ord-1=- B=d=Lithuss=1.

11’
(x2—5)—11‘<1:‘x _16|<1=-1<x?-16<1=15<x?<17= 15<x< 17.

x—4|<8:>—8<x—4<8:>—8+4<x<8+4. v
Then -8 +4=15=08 =4-15~0.1270,0r6 + 4= 17 =& = 17 —4~0.1231; thus
§ =17 -4 ~0.12. v J

‘150 —5l<l=— 1<1i0 5<1:>4<120<6:> > T >16:>30>x>200r20<x<30.

120
|x- 24|<8 => -5 <x-24<38 :—6+24<x<6+24.

Then—-06+24=20=0 =4,0r3 +24=30=0 =6;thus= 06 = 4.

|mx — 2m| < 0.03=> —0.03 < mx — 2m < 0.03=> —0.03+ 2m < mx < 0.03+2m = 2 - 008 < y < 2 003,
|x-2/<8 =8 <x-2<8=>-8+2<x<8+2

Then -8 +2=2— 003:>8 003 ,ord+2= 2+003:>8 003 .In either case, § = %

(.A.)

|mx 3m|<c:> —Lc<mXx-3m<c=>-c+3Mm<mx<c+3m=3— —<x<3+
m

|x— 3|<8:>—8<x 3<8 =>-83+3<x<d+3.
Then -3 +3=3- :>8 mor8+3 3+ m:>8=£m.lneithercase,8=£

f m L S

— 2
<8:—8<x——<6:>—6+ <x<8+1

1 1 _c ; _
Then -5+1 > = St m: 0= " In either case, 6 =

‘(mx+b) ( )‘<c:>—c<mx— <C=>-C+ <mx<c+ = <X< ,+

-

1 _c¢ c
2 m:>6 m,or6+2 "

|(mx+b) —(m +b)| < 0.05= -0.05 < mx—m < 0.05 = -0.05+m < mx < 0.05+m

=1- 0n(])5<x<1+005

|X—l|<8 = -85 <x-1<8 =>-3+1<x<d+1.

Then -8 +1:1—@:>8 :%, ord +1:1+%:6 :%. In either case, & :0-—?2.

I|m (3-2x)=3-2(3)=-3

Step 1:

|(3-2%)~(-3) <0.02=-0.02 <6-2x < 0.02 = —6.02 < -2x < -5.98 = 3.01> x > 2.99 or
2.99 < x<3.01.
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79

32.

33.

34.

35.

36.

37.

38.

39.

www.collegeprozheh.ir o) HC

Chapter 2 Limits and Continuity Section 2.3 The Precise Definition of a Limit

Step2: 0<[x—3[<d=-8<x-3<8=-5+3<x<d+3.
Then -6 +3=2.99 =6 =0.01, ord +3=3.01= 6 =0.0L; thus = 0.01.
lim (=3x—2) = (<3)(-)—2=1
X— -1
Step1: |(-3x-2)~1/<0.03=> ~0.03<-3x~3<0.03 = 0.01 > X+1> ~0.01 = ~1.01 < X < 0.9,
Step2: [x—(-1)|<8 = -8 <x+1<8=-8-1<x<5-L
Then -6 -1=-1.01=06 =0.01, or6 —-1=-0.99 = & = 0.01; thus & = 0.01.

lim =4 = jm (202)
Jim x72 Jim ") ITZ(HZ) 242=4,X#£2
Step 1 (szjz“) 4<0.05=-005< AU _4.0,05=395<x+2<4.05, x2

=1.95<x<2.05, x 2.
Step2: |x—2/<8=>-8 <x-2<8=>-5+2<x<8+2
Then-0 +2=1.95=08 =0.05, ord + 2 =2.05= 6 =0.05; thus 4 = 0.05.

2.5 :
lim X35 iy CeSIx) I|m (x+1) = -4, x # 5.
X—>-5 X—>-5 —-5

(*+6X+5) (~4)|<0.05= -0.05< XD L 4 005 = 405<x+1<-3.95 x#-5

(x+5)
= -5.05<x<—-4.95, x+-b5.
Step2: |x—(-5)|<8 =8 <x+5<8 =-8 -5<x<8-5.
Then -6 -5=-5.05=06 =0.05,0r 5 —5=-4.95=6 =0.05; thus & = 0.05.

lim V1-5x = 1-5(-3) =16 =4

X—-3

Step 1: ‘«/1—5x —4‘ <05=-05<+1-5x -4<05=>35< /I-5X < 4.5 = 12.25<1-5x < 20.25
=11.25<-5x<19.25= -3.85< x < 2.25.

Step2: |x—(-3)[<8 =8 <x+3<8=-5-3<x<8-3.
Then -6 -3=-3.85=0 =0.85,0r5 —-3=-2.25= 0.75; thus & = 0.75.

Step 1:

lim4=4-2
x—2 X 2
Step 1: 2‘<O4:> -04<%-2<04=16<" <24:>10> > 24:> 4 1060r53<x<52

Step 2: X 2|<8=-8<x- 2<8:—8+2<x<6+2.
Then8+2=3=8 =% 0r8+2=3=8 =1, thus5 =1

Step1: |(9-X)-5|<O=-[k4-x<O=-0-4<-X<O-4= H4>X>4-=4-Tk X<4+[]
Step2: |x—4[<8 =8 <x-4<8=>-3+4<x<d+4.
Then-0 +4=-[H4=06=0ord +4=0+4=03 =0 Thus choosed =[]

Step 1 |(3x—7)—2|<D:>—D<3x—9<D:>9—D<3x<9+D:>3—%<x<3+%.
Step2: |x-3/<8 =-8 <x-3<8 =>-8+3<x<d+3.

Then—-8 +3=3— D:>6 D0r8+3 3+ D:>6 éD.Thuschooseéz,o;D.

Step 1: ‘\/x—5—2‘< (= [k VX-5-2<0=2- < JX-5 <2+ 0= (2-0)? < x-5<(2+0)?

3(2—[)2+5<x<(2+[)2+5.
Step2: |x-9)<8 =>-8<x-9<8=-8+9<x<8+9.
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Then -3 +9
=F 4w
9=06 =40
—?ord+
9=10%+40
+9=0 =
40w 13,
Thus
choose the
smaller
distance, &
=40~ F,
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Step 1.

Step 2:

Step 1:

Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

Step 1:
Step 2:

Step 1:
Step 2:

Step 1:

Step 2:

‘\/4—x—2‘< 0= -O<+4-X-2 [I=2-kV4-X <2+D:>(2—E)2 <4—x<(2+[)2
= -(2+D%<x-4<-2-0>=-(2+D%+4<x<—-(2-D° +4.
|x-0]<8 = -8 <x<8.

Then -6 :—(2+[)2 +4=-F-40=8 =4+ %, 0rd =—(2- E)2+ 4 = 40~ . Thus choose the
smaller distance, § = 40+ %

Forx;ﬂ,‘x2 —1‘< M kX2 —1< = 1-O< X2 <1+ 0= f1— D<|x|<\/1+D

=/1-0< X <~1+Onear x=1.
[x-1<8=-8 <x-1<8 =>-d+1<Xx<d+1.

Then -8 +1=+1-0=8 =1-+1-0Jord +1=+1+ 0= 8 =+/1+ -1. Choose
o= mln{ —J1-0J1+ 00— } that is, the smaller of the two distances.

For x # -2, ‘x2—4‘< (e [k X2 — 4 <=4 < x2<4+D:>1/4—D<|x|< 4+ 0= —Jb+D0< X

< —/4—0near X =

|x— (2)|<8:—6<x+2<8:>—6 2<x<8-2.
Then-8 —2=—/4+ =08 =+4+[-2,0r0 —2=—~4-[1=8 =2—-+/4-Choose
8_mm{ 4+0-2,2-+/4 D}.

L s —<lolcmsl-klciyi=s L «x<d
X X X 1+0 1-0
X— <8:>—8<x l<8:>1 O <Xx<1+9.
=1 1 -1 _41_0
Thenl- 8_ 1=>0=1- 1+D 1+D,or1+8_1 220 =1 1=1,
Choose 6 = - the smaller of the two distances.
1 _1 1_1 1_ ,l 30 1 . 1+3D
2 3<D:> D< <D:>3 [k <z +D:> 3 <X2
3. 42 3
=, 2> x> 5= \/W<X< [13 . or /1+3 <x< 13 for x near /3.
‘ —f‘<6:—8<x |:>J_ 8 <x<+f3+3.

- [3 - [3 - - [3
Then\/§—5— ﬁjs—f_ myor 3+0 = 1_73D:>8— 1T3D_\/§'
Choose & :min{\@—,/%, /%m_\@}_

( ;‘ig —(—6}) <= -k (x=-3)+6<OxE-3= - x+3<=-[-3<x<[-3.

[x=(-3)[ <8 =8 <x+3<5=-3-3<x<8-3.
Then-6 -3=-+3=06=00rd -3=[+3=08 =[IChoose d = LI

21
)
[x-1 <8 =-8 <x-1<8 =1-8 <x<1+3.

Thenl-86 =1-0=06 =orl+d =1+ =6 = [1Choose 6 = [

<O=>-O<k(X+)-2<0x+1=>1-[kx<1+0

x<l‘|(4—2x)—2|< 0= 0<2-2x< Dsincex<1.Thus,1——§< X<0;
Xx>1|(6x—4)-2| < 0= 0<6x—6<since x>1.Thus, 1< x <1+ 5.

|x-1<8 =-8 <x-1<8 =1-8 <x<1+8.
Then1-§ :1—§D:>8 = ZD’ orl+d =1+ 65:>8 = éD. Choose § = 6D'
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Step1l: x<0:[2x—0|< 0= -0<2x<0=—F< x <0;
x> 0[5-0[< 0= 0<x <20
Step2:  |x-0]<8 = -8 <x<8.
Then -8 =— D:S—Doré‘) 20=0 = ZDChooseS_f

By the figure, —x < xsin 1 < x for all x > 0 and —x > xsin > x for x < 0. Since lim (=x) = lim x =0, then by
X X X—0 X—0

the sandwich theorem, in either case, lim xsin %( =0.
x—0

2 2

By the figure, —x“ < x“sin %( < x? for all x except possibly at x = 0. Since lim (—xz) = lim x? =0, then by the
x—0 x—0

sandwich theorem, lim x%sinl=0.
X—0 X

As x approaches the value 0, the values of g(x) approach k. Thus for every number (3> 0, there existsad >0
such that 0 <|x—0| <& = |g(x) - k| < [J

Write x=h+c. Then 0 < |[x—c|<8 < -8 <x-c<8,x#ce -3 <(h+c)—c<d,h+c#ce 8 <h<sd,
h#0<0<|h-0[<3.

Thus, lim f(x) =L < for any (0> 0, there exists & > 0 such that |f (x)- L| < Dwhenever 0 < |x c| <d &
X—C

| f (h+c)— 1 < Dwhenever 0<|h—0/ <& <:>r!mz) f(h+c)=L.
-

Let f(x) = x2. The function values do get closer to —1 as x approaches 0, but Iirrb f(x)=0,not-1.The
X—>

function f (x) = x2 never gets arbitrarily close to —1 for x near O.

Let f(x)=sinx, L= and Xg = 0. There exists a value of x (namely x = Z) for which *;m X—= ‘< Ofor any

given > 0. However I|m0 sin X = ( lire x to be arbitrarily close to xg.
X—> N T
As another example, let g(x) = sin | 2 | ’] [ || / ely many values of x near 0 such
that sin £ = as you can see fromt™ =~~~ \ ': 1 'im"' i 1L fails to exist. The wrong
. L] . .
statement does not require all valu¢™ II [ i oI : in>00f L= 12 Again you can
see from the figure that there are al / . ' l| f hat sin lxz 0. If we choose U< 14
we cannot satisfy the inequality ‘sir 'U { ‘ \ |l /"' ' iar xg = 0.
V-

2
|A-9[<0.01=-001<m(X) -9<001= 8997 <901= (899)<x < (9.0)
2

T 2
4 # #

= 2, /8% <x< 2,/9% or 3.384 < x <£3.387. To be safe, the left endpoint was rounded up and
the right endpoint was rounded down.

N
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56. V=Rl =% =1=[Y-5<01=-01<12 5<01=49<0<51-10> R >10
_, (2000 _p _ 120)00) _, 5353 < R <2448
S ST

To be safe, the left endpoint was rounded up and the right endpoint was rounded down.
57. (@) -0<x-1<0=1-8 <x<l=f(x)=x Then|f(x) 2|— X—2=2-x>2-1=1.That s,

|f(x) 2|>1>1 no matter how small 3 is taken when1— §<xl<1:>hm f(x) # 2.

(b) 0<x-1<8 =>1<x<1+8 = f(x)=x+1 Then|f(x)-1=|(x+1)- 1| |x| x>1.Thatis, | f(x) -1 >1
no matter how small 8 is taken when1< x <140 = I|m f(x) 1.

() -0 <x-1<0=1-06 <x<1l= f(X)=x Then|f(x) 15|—|x 15| 15-x>15-1=0.5.
Als0,0<x-1<8 =1<x<1+8 = f(x) = x+1. Then|f(x)-1.5/= |(x+1) -15/=[x-05
=x-0.5>1-0.5=0.5. Thus, no matter how small 3 is taken, there exists a value of x such'that
-5 <x-1<5 but|f(x)-15>% = Ligl f(x)#15.

58. (a) For2<x<2+8 = h(x)=2= |h(x)—4|=2.Thus for O< 2, |n(x) —4|> Owhenever 2 < x < 2+8 no matter
how small we choose 6 > 0= Iim2 h(x) 4.
X—
(b) For2<x<2+6=h(x)=2=> |h(x)—3|=1. Thus for 0<1, |h(x)—3| > [whenever 2 < X < 2+08 no matter
how small we choose 6 >0 = Iim2 h(x) + 3.
X—
(€©) For2-8 <x<2= h(x)=Xx°s0 Ih(x)-2|= ‘xz —ZJ. No matter how small & > 0 is chosen, x? is close to 4
when X is near 2 and to the left on the real line = ‘ 2 —2‘ will be close to 2. Thus if O< 1, |h(x)—2| >0

whenever 2 -3 < x < 2 no matter how small we choosed > 0= Iim2 h(x) +# 2.
X—>

59. (a) For3-8 <x<3= f(x)>4.8= |f(x)—4|>0.8. Thus for < 0.8, | f (x) - 4| > Owhenever 3-8 < x <3 no
matter how small we choose d > 0= I|m f(x) # 4.

(b) For3<x<3+8:>f(x)<3:|f(x) 48|>l8 Thus for k1.8, |f(x) 48|>thenever3<x<3+8
no matter how small we choose 6 >0 = I|m f(x)#4.8.

() For3-0 <x<3=f(x)>48= |f(x) 3|>18 Again, for [k 1.8, |f(x)—3|2 Owhenever 3-8 < x <3 no
matter how small we choose d >0 = Iim3 f(x)#3.
X—

60. (a) No matter how small we choose d > 0, for x near —1 satisfying —1-8 < x <—1+9, the values of g(x) are
near1=> |g(x) - 2| is near 1. Then, for U= % we have [g(x) - 2|> 2, for some x satisfying ~1-8 < x <-1+3,
or0<|x+1<38 = I|m g(x) # 2.

(b) Yes, I|m g(x) 1 because from the graph we can find a6 > 0 such that |g(x) 1|< 0if0 < |x (-1 |< J.
61-66. Example CAS commands (values of del may vary for a specified eps):
Maple:
f=x > (x"4-81)/(x-3);x0:=3;
plot( f(x),x=x0-1..x0+1, color=black, #(a)
title="Section 2.3, #61(a)");
L == limit( f (x), x=x0); # (b)
epsilon :=0.2; #(c)

plot([f(x), L-epsilon,L+epsilon], x=x0-0.01..x0+0.01,
color=Dblack, linestyle=[1, 3,3], title="Section 2.3, #61(c)");
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q = fsolve(abs( f(x)-L ) = epsilon, x=x0-1..x0+1); # (d)

delta := abs(x0-q);

plot([f (x), L-epsilon, L+epsilon], x=x0-delta..x0-+delta, color=black, title="Section 2.3, #61(d)" );
for eps in [0.1, 0.005, 0.001] do #(e)

g = fsolve(abs( f(x)-L ) = eps, x=x0-1..x0+1);

delta := abs(x0-q);

head := sprintf ("Section 2.3, #61(e)\n epsilon = %5f, delta = %5f\n", eps, delta );

print(plot( [f (x), L-eps, L+eps], x=x0-delta..x0+delta,

color=Dblack, linestyle=[1, 3, 3], title=head ));

end do:

Mathematica (assigned function and values for x0, eps and del may vary):

Clear[f, x]

yl:=L—-eps; y2:=L+eps; x0=1,

fIx_]: = (3x% — (7x +1)Sqrt[x] + 5)/(x —1)

Plot[f[x], {x, x0-0.2, x0+0.2}]

L: = Limit[f[x], x > x0]

eps=0.1;del=0.2

Plot[{f[Xx], y1, y2}, {X, X0 —del, xO+del}, PlotRange — {L —2eps, L + 2eps}]

ONE-SIDED LIMITS

(a)
(€)
(i)

(a)
(€)
(i)
(@)
(b)
(©
(d)

(@)
(b)
(©
(d)

(@)
(b)
(©

True (b) True (c) False (d) True
True (f) True (g) False (h) False
False (j) False (k) True () False
True (b) False (c) False (d) True
True (f) True (9) True (h) True
True (j) False (k) True
lim f(x)= +1 2, Ilm f(x)=3-2=1
x—2*
No, I|m f(x) does not eX|st because lim f(x)# I|m f(x)
x—2* —27

I|m f(x) 2+1=3, I|m f(x)=3+1=3
Yes I|m f(x)= 3because3— lim f(x)= lim f(x)

—>4 X—>4~ x—>4+
lim f(x)=5=1, I|m f(x)=3-2=1 f(2) =
x—2* —27
Yes, I|m f(x) lbecausel_ lim f(x)= lim f(x)

-2 x—2* X—2~
lim f(x)=3-(-)=4, lim f(x)=3-(-1)=4
Xx——-1" x—-1"
Yes, I|m f(x)=4becaused= lim f(x)= lim f(X)

X—>— Xx——1" x—-1*
No, Ilrg f (x) does not exist since sm( ) does not approach any single value as x approaches 0
lim f(xX)= lim 0=0
x—0" x—0"
lim x—0 f(x) does not exist because
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lim f(
x—0" X)
doe
S
not
exi

st

Copyright © 2018 Pearson Education, Inc.



85

10.

11.

13.

www.collegeprozheh.ir o) HC

Chapter 2 Limits and Continuity Section 2.4 One-Sided Limits 85
(@) Yes, Ilm g(x) = 0 by the sandwich theorem since ( <g(x) < \/; when x >0
(b) No, I|m g(x) does not exist since Vx is not defined for x < 0
Xx—0"
(c) Yes, lim g(x)= lim g(x)=0 since x=0 is a boundary point of the domain
x—0 x—0*
(@) (b) lim f(x)=1= lim f(x)
y x—1" x—1"
: / X () Yes, Iim1 f (x) =1 since the right-hand and left-hand
ryr=y X—
1 S limits exist and equal 1
| 1
|
(a) (b) lim f(x)=0= I|m f(x)
4 1P, x=] x—1"
|- S (c) Yes, I|m1 f (x) = 0 since the right-hand and left-hand
~ X—.
limits exist and equal 0
(@) domain:0<x<2 e G PO
range:0<y<landy=2 ) il s P
(b) lim f(x) exists for ¢ belonging to (0,1) U (1, 2) I '
X—C >
(c) x=2 o *
(d) x=0
0\0—0
(@) domain: —oo < X <
range: -1<y<1
(b) I|m f (x) exists for ¢ belonging to 1+
(—oo -Du(-L1)u(d ) V
(c) none —_— D
(d) none /
i _ [-05+2 3/2 i “—1::|' 19| _
x—l>l—rg.5‘ X+ _05:1 2 x“—>rr1]+ ﬁ - - 0=0
A B ‘\/7
I'm( )(2)=(21)|(2)2(2)|()():
o2, 2 2x45 ) ( 2(-2)+5 ) 1

X +X - 4+
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86

14,

15.

16.

17.

18.

19.

20.

21.

22.

23.

www.collegeprozheh.ir o) HC

Chapter 2 Limits and Continuity Section 2.4 One-Sided Limits

i (ra) (58) (7)= (04 (42) (39)=(5) (3) (3)=2

x—1"

lim _h+ans5-5 o ( hoeanes—5) [ h+aneses)_ i (h +4ne5)5
Ve o Vo Voo

h—0" k )\ reranes s 5J h—>0" h( h2+4h+5+ 5)
— lim —h+4) _ o0+4 :gff
h—0" h(\/h2+4h+5+\/§) NI NG
-

lim =5h 1146 _ i [ 6= 5 +11h+6\ ( 6+ 5h +11h+6 )

vz v J N
h—0" haO’| || 6+V5h2+11h+6 | a

( I T -
11

6—(5h?+11h-+6 lim —h(5h+11) _=(0+11) _

h—>0 h(\/§+\/5h2+11h+6) h—0" h(J_ + 5h2+11h+6) 6+/6 26

h—0*

(x+2)
(x+2)
= I|m (x+3)=((-2)+3)=1
N S
. X+ —(x+
(b) XETT (X+3)" 5, = Xgr;nr (x+3) (x:2) ] (x+2|=-(x+2) for x < -2)

= lIm (x+3)(-D)=—(-2+3=-1

@ lim (+3)2 - im (ce3) (5

x—>—2*

(x+2|=(x+2) for x >-2)

@ m Y2XCD iy XD (x—1 =x-1for x>1)
xal* [x x>-1" (XD

= lim 2x=.2

x——1"
) lim r‘f_;ll - lim v (X=1] = —(x—1) for x<1)

= lim —{2x =—/2

x—1"

(@ If 0<x<7E then sinx >0, sothat lim sin| _ lim S'”X = lim1=1
X—0" sinx X—)0+ sin x—0"

— —sinx
(b) If “<x<0 then sinx <0, sothat lim ‘. =lim . = lim-1=-1
X—0"

a) If 0<x<Z, then cosx<1, sothat lim 1C°5X— lim L=CosX_ —  |jm 1=Cosx _ Iim 1=1
() Xes0" sxy X0 —(cosx-1)" X0 1-cosx 0

(b) If F <x<0, then cosx <1, sothat lim XL _ |im Cox = |im -1=-1
x>0~ leosx=1 " T,o- —(cosx=D) T

Q) lim 2 3.1 b) lim B _2
(a) 03" 0 3 (b) 03 0 3

(@) fim, t-[t)=4-4=0 (b)  fim t-|[t)=4-3=1

lim SIM2 _ jjm sinx _q (where x =/20)
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J
050 v20 x50 X
24. |im SIK = [jm KsiNkt _ jm KSInO _y fim IO .3 =k (where © = kt)
t>0 U t>0 K 950 00
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3 3sin3 sin3
lim 03 _ 1 jjm 3I3Y _ 3 iy SINSY _ 3 4y sin® _ 3 (where 6 = 3y)
y—0 4y 4y»O 3y 4y50 3y 490 O 4
S
lim sin3 I (3 sin3 ) 3 lim sin3. _3l im sin_ |:3_> 1= (where § = 3n)
h 1 3 1 11 1? 1
h_,0 h - h - 0
- h—0 h—0" g, Le-»o )
sin2x \ ( \\
lim @2X — |im ('CLSZ“: I|m Sin2x —(Iim L1 im 25'”2X 1.2=2
x>0 X X—0 50 XCOS2X —0 08 ZXJ X—0 J
I|m —2I|m —2I|m teost _ (Ilm cost) po |\=2~1~1:2
50 tant 50 ;I)nst 0 sint t—=0 tiT(]JSTtJ

XCSC2X X . 2% \ ]Z)
)!ino Cc0s5x _)!%O(sm2x c055)< Jlm sm2xj[ 0 cos5xx (1)

I|m 6x2 (cot X)(csc 2x) = I|m 6x’cosC  _ |jm (3COSX X ——) 3:11=3
50 smxsm2x X—0 sinx sin2x

lim XEXCosX _ |im ( X, _XCOSX ): lim (iil + lim =%
x—0

x—s0 SINXCOSX " g \sinxcosx * sinxcosx sinx cos 0 Sinx
(. (1)
= lim | s | lim (COS )+ lim | s |=O@®)+1=2

2 x>0 , ) x>0 X x50l )
im X =XHSinX — [im (X 1, 1(sinx)) —g_141()=
Jim = = )!'_rpo(z 5+3( x)) 0-3+31=0
im 1=cos® _ |y —(LcosO)(licos®) .o 1-cos% sin%
00 SiN20 g_,p (2sin0 cos0)(1+cosO) — 00 (25|n6cose)(l+cose) 9_)0 (2sinO cosO )(1-+cos0)

0

:elino (20056 )(I+cos€) @) :0

11, )
X(1—c0sx) ' ;OSX oo ¢ lim ( X ) L(0)
lim X=XCOSX — |im ZE=8 = im —2C— = |im 9 = =0 =27-0
Xx—0 SiN“3x  x_sp sin%3x X—0 sinzazx X_)0(S|n3x)2 lim (73,) 1
9x x>0\ 3%

sin(l-cost) - lim

—6”9 1since® =1—cost — 0ast — 0
t—>0 1-cost 6—)0

lim sin(sinh)

S Jim $iN9 —1since® =sinh —»>0ash —0
h—0 sinh 0—0 0

Sin® — iy (SN .20} = 1 |jyy (sinB . 20 ) —1.9.9=1
oMM 5in 20 elTo(S % 5) = 34m ( 2 =311=}

sin5x _ sinbx  4x 5} _ 5 |jm (sindx . 4x ) =5.1.1=5
I|m05|n4x_)!f]0(sn4x 5X 4) Ilm( i x) 4 11 4
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89 Chapter 2 Limits and Continuity Section 2.4 One-Sided Limits 89

39. limBcosd=0-1=0
0—0

c0s20 li cos20 _ 1

. . T . cos20 _ . 1
40. limsinOcot20 = Iinosme— = I|T05|n6 26in0c0s8 11708 2

00 sin 20 0
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Chapter 2 Limits and Continuity Section 2.4 One-Sided Limits 90
tan 3x n3x ._ 1\ _ n3x .1 8x 3
)!ino sin8x )! O(COS3X sm8) )!TO(COSBX sin8x 3x Q
-3 _1 )(sin3x)(8x ) =3.1.1.1=3
8I 0( 3)( 3x)( sint)x 8111 8
li sin3ycotsy _ . sin3ysindycosSy lim sin3y sindy cosby\ (3-45y
y—0 ycotdy _yao ycosdysin5y y cos4 sin5 345
_ i (SID3Y) (sindy) (5y ) (cos5Y) (34 _q.1.1.1.12_ 12
—)l/ino( 3y)(4y)(sm5( cos4)y( 15 1111-5=5
sind
o 1) o) () =00, -
000%cot30 900222 g _5002cosOcos30 o\ 6 cos6 cos30 (1'1
lim tan6 lim lim sinBsin30 m sin®  sin30 3 3
) 0>
sin30
i 0 cot 40 S 5 im>———© 0c0540(2 sin Bcos0)? . Bcos40(4sin®0cos’0)
lim 28— |jm — °n = lim oS = lim = lim =
495|n 20
050 sin®0cot’20 90 smzecos 20 950 sin% cos?20 sin 40 050 sin%0 cos?20sin40  g_s0  sin0 cos220 sin 40
sm 20 2
T 40cos40cos20 T 40 ( cos40cos Q\ T \f €0s46cos” 9\ 1\ (112 ) _
= lim cos220sin40 lim (m(; L c0s220 J_ lim | o cos?20 J (1) 12 =1
60 0—-0 050\ 4
lim 12€0s3X _ |jm 1=c0s3x  1+cos3x _ |j 1-c0s®3X__ _ [im _sin?3x = lim 3. sin3x . sin3x
X0 X X0 2X 1+cos3x 2x(1+cos3x) X0 2x(1+cos3x) X 02 3 1+cos3x
— lim 3.sin0@ .
_GIT)]O? 0 1+cose 2(1) (1+]) =0 (where 6 =3x)
lim c0S% X—COSX __ — lim cosx(cosx=1) _ lim cosx(cosx=1) cosx+1 _ lim osx(co _) lim osx( sin“ _)
x—0 X2 x—0 X X—0 X cosx+l Ty 00 x2(cosx+l)  x—0 X2(cosx+l)
_ sinx , sinx _ cosx _ 1 _-1
>!E>n0{ X X cosx+} =-O 1417 2
Yes. If lim f(x)=L= Ilm f (x), then I|m f(x)=L.If I|m f(x);& I|m f (x), then I|m f (x) does not
x—>a
exist.
Since lim f(x) =L if and only if I|m f(x)=Land lim f(x)=L,then lim f(x) can be found by
X—C x—c*t X—C~ X—C
calculating lim f(x).
x—c*
If fis an odd function of x, then f (=x) = —f (x). Given lim f(x)=23,then lim f(x)=-3.
x—0* x—0~
If f is an even function of x, then f (—x) = f (x). Given lim f(x) =7 then Iim+ f (x) = 7. However, nothing
X—2~ X—>—2
can be said about lim f(x) because we don’t know lim f(x).
X——2" x—2*
| =(5,54+8) =>5<x<5+3.Also, Vx-5 < = x— 5<% = x<5+%.Choose § = %= lim /x=5=0.
x—5%
| =(4-6,4)=>4-0 <x<4.Also, JA—-Xx <> 4-Xx< # = x>4-%.Choose & = = lim /4—x =0,

X—4~
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Chapter 2 Limits and Continuity Section 2.4 One-Sided Limits 91

As x — 0~ the number x is always negative. Thus, i ‘ (-1 < D:>‘ 1‘ < 0= 0 < Owhich is always true
independent of the value of x. Hence we can choose any d > 0 with -8 < x<0= |in(’)17 ‘f’;‘ =-
X

Since x — 2 we have x > 2 and |x 2| Xx—2.Then,

X=2 ]‘ =[%2 -1l < 0= 0 < Dwhich is always true so

-2

im x=2 =1.
-2

1< OThus, i
x—>—2* [X=

long as x > 2. Hence we can choose any d > 0,and thus2 < x <2+ = ‘

N

(@ lim Lx = 400. Just observe that if 400 < x < 401, then Lx = 400. Thus if we choose 6 =1, we have for
x—>400*

any number (3> 0 that 400 < x < 400+8 = | x —4oo|_|4oo 400/=0<0J

(b) lim | x =399.Just observe that if 399 < x < 400 then | x =399. Thus if we choose & =1, we have for
x—400"

any number 3> 0 that 400 — 8<x<400:>||_x —399 =[399-399 =0 <[]
(c) Since lim |x # lim |x|we conclude that lim LXJ does not exist.

x—400" X—400" X—400
(a) Iim f(x) = Iim Jx =40 :0;‘\&—0‘ < = —[ /X < [= 0 < x < (% for x positive. Choose & = [#
X—>

= I|m f(x) 0
x—0"

(b) lim f(x)= lim x° sin(%) = 0 by the sandwich theorem since —x? < x? sin(l) < x%forall x #0.
x—0" x—0"
Since ‘xz —0‘ ‘ X —O‘ x2 < Owhenever |x| < /0] we choose & = +/Jand obtain ‘x sm O‘< O
if -0 <x<0.

(c) The function f has limit 0 at Xy = 0 since both the right-hand and left-hand limits exist and equal 0.

CONTINUITY

No, discontinuous at x = 2, not defined at x = 2
No, discontinuous at x =3,1= lim g(x)# g(3)=1.5
X—3

Continuous on[-1, 3]
No, discontinuous at x =1,1.5= lim k(x) # lim k(x) =0
x—1" x—1"

(@ Yes (b) Yes, Iiml+ f(x)=0
(c) Yes (d) Yes

(@ Yes f(1)=1 (b) Yes, Iimlf(x)=2
() No (d) No

(@ No (b) No

. [F1L0)u(0,)u(E 2)u(2,3)

f(2)=0,since lim f(x)=-2(2)+4=0= lim f(x)
X—2~ x—2"

Copyright © 2018 Pearson Education, Inc.
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Section 2.5 Continuity
f (1) should be changed to 2 = Iim1 f(x)
X—!

Nonremovable discontinuity at x =1 because I|m f (x) fails to eX|st( lim f(x)=1and I|m f(x)=0).
-1
Removable discontinuity at x =0 by a55|gn|ng the number I|m f (x) 0 to be the value of f(O) rather

than f(0) =1.

Nonremovable discontinuity at x =1 because I|m1 f (x) fails to eX|st( lim f(x)=2and I|m f(x)=1).
X— -1 —1*

Removable discontinuity at x = 2 by assigning the number I|m2 f (x) 1to be the value of f (2) rather than
X—>

f(2)=2.

Discontinuous only when x—2=0= x=2 14. Discontinuous only when (x + 2)2 =0=>x=-2

Discontinuous only when X2 —4x+3=0= (x=3)(x-1)=0=>x=3o0rx=1

Discontinuous only when x> -3x-10=0= (Xx-5)(x+2)=0=>x=50rx=-2

Continuous everywhere. (]x —1 +sin x defined for all x; limits exist and are equal to function values.)
Continuous everywhere. (|x|+1 # 0 for all x; limits exist and are equal to function values.)
Discontinuous only at x =0

Discontinuous at odd integer multiples of % ie,x=(2n-1)Z, nan integer, but continuous at all other x.

Discontinuous when 2x is an integer multlple ofn,i.e.,2x=nm, nan integer = x = n an integer, but

continuous at all other x.

2 1

Discontinuous when g—x is an odd integer multiple of 7, i.e., %X =(2n-1)7%,naninteger= x=2n-1 nan
integer (i.e., x is an odd integer). Continuous everywhere else.

Discontinuous at odd integer multiples of £, i.e., x = (2n-1) Ez , h an integer, but continuous at all other x.

2 2

Continuous everywhere since —1<sinx <1= 0<sin“ x <1=1+sin“ x > 1; limits exist and are equal to the

function values.

Discontinuous when 2x +3 <0 or x < —% => continuous on the interval |—L— 32 oo).

Discontinuous when 3x—1<0 or x <1

3= continuous on the interval [13 oo).

Continuous everywhere: (2x—1)1/3 is defined for all x; limits exist and are equal to function values.

Continuous everywhere: (2 — x)ll5 is defined for all x; limits exist and are equal to function values.

Continuous everywhere since lim X=X=6 = |jm (=302 _ I|m (x+2)=5=g(3)
X—3 3 X—3 x-3
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Chapter 2 Limits and Continuity

Discontinuous at x = —2 since Iim2 f (x) does not exist while f (-2) = 4.
X—>—

Discontinuous at x=1; lim (x +2)=3, but lim e*=e, sothat lim f(x) does not exist while f(1)=e¢;
x—1" x—1" x—1

and lim (1-x)=1= I|m e, sothat lim f(x)=1= f(0)
—0" x—0

x—0"

Discontinuous at x=1In2, since 2—-e*=0=eX=2=1ne*=In2= x=1In2

lim sin(x —sin x) =sin(t —sin©t) =sin(rt —0) =sinm = 0, and function continuous at x =t
X—>T

Iim sin(’E cos(tant)) = sin(’c cos(tan(0))) = sin( cos(O)) = sm( ) 1, and function continuous att = 0.

lim sec(ysec y— tan? y— 1)—I|m sec(ysec y— sec? y)—Ilm sec((y - 1)sec y) =sec (1— 1)sec D=
y—1 -1 -1
sec0 =1, and function contlnuous aty =1

lim tan [E cos(sin x”s)] =tan [E cos(sin(O))] = tan(ﬂ cos(O)) = tan(ﬂ ) =1, and function continuous at x = 0.
<50 4 4 4 4

I S B

i - - . n_2 i i —

tlirg) cos 3ot coS 03500 cos ji—ecos i ayd function continuous att = 0.
J

lim \/csc2 x+5\/§tan X = \/csc (ﬂ)+5ftan(ﬂ) = 4+5\f 1 \/5 =3, and function continuous

X% 6 6 3
_T

at x = 6"

lim Sin(ﬂ eﬁ): sin(E2 eo) = sin(ﬂz) =1, and the function is continuous at x = 0.

x—0*

Iimlcos‘l(ln «/;) = cos‘l(ln \/—) cos (0) =2, and the function is continuous at x = 1.
X—>.
g(x) = %(_?9 =(i(i)i?Tl =x+3, x#3=g(@d)= I|m (x+3)=6

X—

h(t)= #3810 - WA2) 45449 p(2) = lim (t+8)=7

s (SP+s+l)(s-1) _ _ s?4s+l _ s°+s+1 3
f(s) T8y GOED rathAtd ll_rz]l (—) a

s+1 2
_x21 (x+4)(x=4)  x+4 m (ﬁé)

_8
. x+1) 7 5
xtd=g(4)=1li

x—4

g(X) = x2—3x—4 = (x=4)(x+1) x4l

As defined, Iirrs] f(x)= (3)2 —1=8and lim (2a)(3) =6a. For f (x) to be continuous we must have
X—3~ x—3"

_ _4
6a_8:>a—§.





